We derive a symmetry property for the Fourier-transform of the density fluctuation modes of Bose condensates in anisotropic traps in the hydrodynamic limit connected with a somewhat hidden conservation law.. We discuss its possible observation by dispersive light scattering, its range of validity, and also experiments using inelastic scattering of light. : 03.75.Fi,05.30.Jp,42.50.Gy Since the achievement of Bose-Einstein condensates in trapped alkali gases [1] [2] [3] at ultralow temperatures numerous aspects of these systems have been investigated both from the experimental and the theoretical side. Adding a time dependent perturbation to the trap potential the lowest frequencies of the density fluctuation spectrum were measured by observing condensate shape oscillations either by time of flight measurements [4] [5] [6] or by dispersive light scattering [7] . In this paper we want to report on a property of the mode functions of the low lying density fluctuations of condensates in anisotropic traps. Mode functions can be observed in dispersive light scattering experiments [7, 8] , but also in inelastic light scattering. We discuss how the derived property could be observed in both experiments and discuss the limits of both approaches.
operator into a classical part φ 0 (r), the condensate wave function, and a residual operator φ(r), describing fluctuations, yields for the number-density operator ρ(r) = |φ 0 (r)| 2 + φ * 0 (r)φ(r) + φ 0 (r)φ † (r) +φ † (r)φ(r) .
(0.1)
Thermal averaging of the last term gives the condensate depletion at T = 0 plus the density of thermally excited atoms. At low temperatures for a weakly interacting system the condensate density |φ 0 (r)| 2 contains most of the particles, and the second term in (0.1) dominates by far the last term. Now we restrict ourselves to the low-lying density fluctuations with hω ≪ µ, which can be described by the hydrodynamic approach to trapped Bose systems [9, 10] . In this limit the dominant density fluctuations in (0.1) take the form [10, 11] φ * 0 (r)φ(r) + φ 0 (r)φ † (r) = j i hω j 2g (φ j (r)α j e −iω j t − φ * j (r)α † j e iω j t ) .
Here g is the atom-atom interaction constant 4πh 2 a/m, with the s-wave scattering length a, and φ j (r) is a normalized solution of the hydrodynamical wave equation [9, 10] − ω Features of Bose condensates are observable best in the limit of large condensates. In this limit the Thomas-Fermi approximation for the condensate wave function g|φ 0 (r)| 2 = (µ − U(r))Θ(µ − U(r)) is justified [12] , which restricts solutions of (0.3) to the interior of the surface µ = U(r). For condensates in isotropic harmonic traps the spectrum and the eigenfunctions of (0.3) were calculated by Stringari [9] , depending on a radial and an angular quantum number n r and l.
However all atom-traps used in the different realisations of Bose condensates in alkali atoms can be decribed in very good approximation by an anisotropic axially symmetric har-
Due to the anisotropy of the potential new features show up: the degeneracy with respect to the azimuthal quantum number m is removed, the system ceases to be strictly integrable and a large chaotic component can be seen in the classical phase space at energies of the order of µ [13] . How-ever in the hydrodynamical limit the systems turns integrable and an additional constant of motion can be identified [14] 
whose eigenvalues can be written as (n + m)(n + m + 3). Here n + m is simply the highest degree of a polynomial solution for the eigenfunctions. It is our purpose here to derive a rather direct observable consequence of this conservation law. Due to the conservation ofB also the anisotropic problem can be solved and the mode frequencies determined explicitly in terms of three quantum numbers n, m and j, using the notation of [14] . In the isotropic limit both sets of quantum numbers are connected by n r = j and 2n r +l = n+m. Now let us introduce dimensionless coordinatesr all in the range [0, 1] by the scaling r i =r i 2µ/mω 2 i for i = x, y, z. Applying this scaling in (0.4) we get
We see that the operatorB, and thus its eigenvalue equation, does not depend on the anisotropy anymore. Of course the same holds for the operator of the azimuthal angular momentumL z . So subspaces of the Hilbert space to different values of both quantum numbers n and m remain orthogonal for all anisotropies. In scaled variables the wave
still involving the anisotropy. So if we expand an eigenfunction φnjm for arbitrary anisotropy in eigenfunctions of the isotropic system φ iso njm we have to sum only over the different values for j = 1 . . . int[n/2], whilen,m are fixed and given byn = n andm = m. Our point is that this is actually a quite remarkable property which is a direct consequence of the existence of the conservedB and its peculiar form.
Now we are interested in the Fourier transformφ njm (k) of the mode functions. For the isotropic eigenfunctions this was calculated by Fetter [15] to obtain the cross section of inelastic light scattering with the result, given here in a slightly generalized form to allow
with a dimensionless normalization factor C n,m,j whose value is of no importance in the following. Here the modulus of the momentum k = |k| is measured in units of the inverse Thomas-Fermi radius (2µ/mω 2 x ) 1/2 , j n (k) denotes the spherical Bessel-function of degree n and Y lm (θ, φ) the spherical harmonic of the angle θ between the symmetry plane z = 0 and k with an unspecified azimuthal angle φ. Note that the dependence on |k| is only determined by the single quantum number n + m, and is in particular independent of the quantum number j. Since any anisotropic eigenfunction is only a linear combination of isotropic eigenfunctions with the same n + m but different values for j, the same dependence on the modulus of the momentum holds as in the isotropic case. We simply havẽ
where we have to take our scaling of coordinates into account and rescale the momentum k as k i =k i mω 2 i /2µ for i = x, y, z, with modulus
Thus the Fourier transform of any hydrodynamical mode function for fixed direction ofk depends on the modulusk according to (0.5), and this dependence turns out to be the same in all directions ofk. The dependence on the direction ofk is contained only in the factor of proportionality, which may vanish in certain direction.
Next let us discuss how this property could be observed in an experiment. One possibility could be by the direct observation of a condensate by dispersive light scattering [7, 8] .
In a phase contrast measurement a beam of light off resonace with any atomic transition accumulates a phase shift on its way through the condensate, which is proportional to the density of atoms integrated along its optical path. Additionally the direct beam of light is shifted by π/2 by passing a λ/4-plate in the focal plane. So in an interference pattern between the direct beam and the deflected light on a screen phase differences are turned into amplitude differences. Since typical angles of deflection in the experiment of [8] are only of the order of several mrad we also can take the paths of deflected light as straight lines parallel to the optical axis. So the observed amplitude differences are proportional to the projection of the three dimensional number density on a two dimensional screen. By this technique it was even possible to take time resolved sequences of pictures of an oscillating condensate [7] , after it was excited by modulating the trap with a certain frequency. By and our second condition on the momentum only is the more limiting one.
As an alternative experiment to determine the collective excitations and to observe (0.5) one could also think of inelastic scattering of light [16, 17] . For hydrodynamic excitations from condensates in isotropic traps inelastic scattering was investigated in [10, 15] . Light scattered from an atomic gas off resonance with any atomic transition couples only to the number density of atoms. The scattering cross section is proportional to the dynamic structure factor S(k, ω), the space-time Fourier transform of the density-density correlation with respect to the transferred energyhω and transferred momentumhk [18] . The cross section of elastic scattering of light is proportional to the square of the spatial Fourier-transform of the equilibrium density and scales with the total particle number like N 2 . In a homogenous system elastic scattering can be observed only strictly in forward direction, whereas for an inhomogenous system it occurs in a finite angle, fixed by the condensate size. Density fluctuations, described by the second and third term in (0.1), can be seen as inelastic scattering of light. Again in a homogenous system inelastic scattering with a certain frequency is only observable under a certain angle determined by the dispersion relation of the quasiparticles ω(k) [19] . For atoms in a trap each of the discrete excitation energies can be detected in a whole range of scattering angles. The inelastic scattering cross section due to the dominant contribution (0.2) is again proportional to the Fourier-transform of the mode function [10] 
where n j is the thermal occupation number n j = 1/(exp(βω j ) − 1). From this and the normalization of φ j we get as an overall ratio of elastic to inelastic scattering N µ/hω, which unfortunately turns out as especially unfavorable both in the hydrodynamical limit and in the limit of large particle numbers. For an arbitrary but fixed orientation of k we have to require the condition of specular reflectionθ inc equal toθ out for the angles in the scaled system measured with respect tok.
One difficulty in inelastic scattering experiments would certainly be to detect the tiny frequency shifts, which are more than twelve orders of magnitude smaller than optical frequencies, against the strong elastic scattering. The larger the transferred momentum, the better inelastic scattering can be distinguished from this background of elastic scattering.
The maximum momentum, for which (0.5) is valid, is again the momentumk l determined by the boundary width. For present experiments [4, 7] this is already by a factor 2 − 5 smaller than the maximum momentum 2k i transferable by the scattering of light with wave number for inelastic scattering from level ω j in direction i. For the experiments of [7] this ratio exceeds 10 4 for all directions for the low lying levels. Unfortunately this unfavorable ratio of elastic to inelastic scattering precludes the possibility to measure frequencies of hydrodynamic excitations or to test relation (0.5) by inelastic light scattering.
In conclusion we have shown that the Fourier-transform of hydrodynamic mode functions is fixed by the sum n + m of only two quantum numbers and is given by a simple relation (0.5) for arbitrary fixed direction of momentum. We have discussed the range of validity of this property and have suggested how this could be observed in experiments using dispersive light scattering. We also discussed the possibility and limits of inelastic scattering of light from low lying levels. M.F. thanks H. Schomerus for a valuable discussion. This work has been supported by the Deutsche Forschungsgemeinschaft through the Sonderforschungsbereich 237 "Unordnung und große Fluktuationen".
